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Static Pull-in Voltage:
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The voltage amplitude 
for which only one 

equilibrium position 
exists

Stable point Unstable point
V

u
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Dynamic Pull-in Voltage:

When the voltage is 
applied suddenly, the 

system becomes unstable
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Step of voltage



Dynamic Pull-in Time:

The time needed for the 
plates to stick together 
when the static pull-in 

voltage is applied
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voltage is applied

Independent of the gap and 
the permittivity
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Gibb’s energy density:
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– Electric force
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– Electric force

– Electric charge

� /��������������������	��

dV
d

V
du

d

V
VufVuf ee 2

0
3

0
~~)

~
,~(),(

ee
+-=

dV
d

du
d

V
VuqVuq ee ~~

~
)

~
,~(),( 0

2
0 ee

+-=



� !�

�����	����������
� "����������

Mechanical domain Electric domain
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Unknowns

Mechanical domain Electric domain
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Pure Mech.
Electrostatic force 
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=0 Pure Electric



Monolithical MethodStaggered Method
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Riks-CrisfieldNewton Raphson
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Vpi

Vpi



In FEM formulation:

11stst methodmethod : : Projection on the first mech. Projection on the first mech. eigenmodeeigenmode

Natural frequency
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22ndnd methodmethod :: Linearisation around an equilibrium position

Natural frequency

0qMqK =D- ))(( 2
0tan w
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The stiffness of the beam becomes non-linear with 
respect to displacement (cable effect)
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Large displacements FE 
formulation taking into account 
geometric NL was used



Static Equilibrium positionStatic Equilibrium position

96.4 Volt
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18.4 Volt



Natural frequencyNatural frequency
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Dynamic Dynamic BehaviourBehaviour

Static Pull-in 
Voltage

96.4 V
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Voltage
96.4 V

Dynamic Pull-in 
Voltage

83.6 V

Difference 13%
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First Natural FrequencyFirst Natural Frequency

Projection method
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F(Hz)

V

Coupled method
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Cantilever MicroCantilever Micro--BeamsBeamsMicroMicro--BridgeBridge

V

Displacement [m] Displacement [m]

V
Poly1

Poly2
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cantilever: 
L=175 � m, W=30 � m, poly 1
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cantilever: 
L=175 � m, W=30 � m, poly 1
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Electric potential distribution

Structural displacements and 
electrostatic nodal forces
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Electrostatically actuated micro-lens for biomedical application
(With courtesy of University of British of Columbia and British Columbia Cancer Research Centre, CANADA)
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